We compare the Fresnel-Kirchhoff diffraction formula, the superposition of cylindrical waves, and the twodimensional (2D) Green's function diffraction formula with a rigorous vector algorithm in calculating the near and intermediately transmitted field of light through a one-dimensional metallic grating with subwavelength slits. It is found that the results calculated by the 2D Green's function diffraction formula coincide well with the precise result. The other evaluations deviate from the exact result by varying proportions. Our findings may provide a useful and precise way to analyze the transmitted field features of a metallic grating and subsequent possibility of achieving optimal designs for metallic optical elements with subwavelength scale.
Introduction
The original discovery of the extraordinary optical transmission (EOT) through thin metallic films perforated by subwavelength hole arrays and through a single hole (or slit) surrounded by surface corrugation, has re-ignited interest on this effect in both the underlying physics and its potential applications [1] [2] [3] [4] . It is generally accepted that there are two resonance mechanisms accounting for the EOT [5] [6] [7] : one is the excitation of surface plasmon polaritons (SPPs) on the metal/air interface; the other is the transmission resonance generated from the localized waveguide modes of nano-apertures.
In recent years, exited by the EOT, light manipulations of nano-apertured metal structures have been drawing increasing attention for realization of miniaturization of devices at the subwavelength scale. Since both phase and amplitude of light at the exit of a slit crucially depend on its width, depth, pattern, and dielectric constant of the metal [8] [9] [10] , light can be modulated by an apertured structure, because the transmitted electromagnetic (EM) wave through every individual nanoslit possesses intrinsic phase retardation and amplitude. Based on this idea, various SPPs-based diffractive optical elements have been proposed and designed [9] [10] [11] [12] . The design procedure is usually divided into two steps: first, the transmitted amplitude-phase information of isolating slits with various widths or depths is acquired through a variety of numerical aspects, for instance, employing the finite-difference time-domain (FDTD) method; then by optimally arranging these slits on the metallic film, the estimation of the feature of the transmitted field is implemented.
In the second step, i.e., the optimally designing process, the calculation of near-field diffraction must be carried out repeatedly because it needs to search for the optimal configuration of the arrangement of slits. Therefore, a question arises: what is the best method, with high precision and time-saving, to achieve this evaluation? By far, for convenience and simplicity, the arrangement of the slits on metallic films often relies on an experience-based conjecture, which mainly refers to the conventional diffraction optical devices. For example, Xu et al. realized light was concentrated through the phase distribution on the transmitted side similar to a lens [9] . It is well known that the design of conventional diffraction optical devices is based on the Huygens-Fresnel principle and Kirchhoff's diffraction theory, in which far-field approximation is used. However, the mechanism of a SPPs-based diffraction device is distinctly different from that of conventional optics. The calculations in the design are always within a distance of less than ten wavelengths, involved with rigorous vector electromagnetic theory. Therefore, the conventional diffraction formulas are not adequate for the design of SPPs-based diffraction devices. In this paper, we recommend the two-dimensional (2D) Green's function diffraction formula (2DGF) with high precision and time-saving, which is suitable to the transmitted nearfield analysis. In order to expose the advantage of this method, we compared it with Fresnel-Kirchhoff diffraction formula (FKDF), the Huygens-Fresnel-based superposition of cylindrical waves from exit slits of the grating (SCW), and the rigorous EM vectorial diffractive analysis (RVDA). Our findings indicate that the 2DGF is the best formula with high precision and time-saving to carry out the evaluation of the transmitted near-field distribution.
Theory
In Fig. 1 , we sketch the structural diagram of a onedimensional transmission grating and indicate relevant parameters as well as the coordinate system used. The width of the metallic grating ridge is denoted by , its permittivity is ; the air-slit width is . Therefore, the period of the grating is = + . The thickness of the grating is . The grating is laid on the plane and the normal of the grating orients to the direction. The exit plane of the grating is denoted by Γ, which is located at = 0. The vertical spacing between the observation plane and Γ is . The position of the points on Γ and the observation plane are denoted by ( Γ Γ = 0) and ( = − ), respectively. A transverse magnetic wave (TM)-polarized (with the magnetic field parallel to the direction) plane EM wave with a wavelength of λ impacts normally upon the grating. We first discuss how to obtain the amplitude-phase information of the exit plane of the individual slit in the periodic grating based on the RVDA, as sketched in Fig. 1 . The RVDA is based on Fourier expansions for both permittivity function and electromagnetic fields in the grating region and the determination of the grating eigen modes [13, 14] , and solve the Maxwell's equation in different layer regions in combination with the appropriate boundary conditions. The space can be divided into three regions: region I, above the grating, with a dielectric constant (1) ; region II, occupied by the grating; and region III, below the grating, with a dielectric constant (3) . The magnetic fields of EM waves in regions I and III are represented by a Rayleigh expression, for instance, in region I we have
where (1) =
, φ is the incident angle, which equals zero in the normal illumination, = (2π/ ) is the reciprocal vector of the grating. A 0 and R are the amplitudes of the incident wave and the th-order reflected wave, respectively. In region III, we have
where
T is the amplitude of the thorder transmitted wave. Inside the grating region, the magnetic field of the EM wave is expressed as
where Λ is the direction component of the wave vector in region II. U Λ and V Λ are the amplitudes of the forward propagating wave and backward propagating wave along − axis in the grating, respectively. Λ and { (Λ )} are the eigenvalues and the corresponding eigenvectors of an eigenvalue equation, which can be determined as follows. In the grating region, the permittivity (2) (r) and the inverse permittivity 1/ (2) (r) of the periodic grating are expressed in terms of the Fourier expansions by (2) ( ) = and 1/ (2) ( ) = . Bloch wave solutions of the magnetic field H (2) ( ) inside the grating can be represented as a sum of plane wave states
For TM illumination, the Maxwell wave equation can be written as
Inserting Eq. (4) and the Fourier expansions of (2) (r) and 1/ (2) (r) into Eq. (5), through the straightforward algebraic manipulations and isolating Fourier components, we obtain a generalized eigenvalue equation as
The eigenvalues Λ and the corresponding eigenvectors { (Λ )} can be found by using existing programs.
Fields described by Eqs. (1)- (3) are matched on the upper and lower boundaries of the grating by imposing the continuity of the tangential components of the EM fields. This leads to a matrix system for the unknown reflected and transmitted amplitudes R , T as well as the expansion coefficients of U Λ V Λ . By solving this matrix system of coupled equations, all the unknown quantities can be fully determined. Finally, we calculate H (3) at the exit of one slit, i.e., = Γ , extracting the useful information. We can also compute the field distribution at the given observation plane = . The obtained result is referred to RVDA curves in the subsequence plots. We now show diffraction formulas used for the estimation of the transmitted field of light.
1) Fresnel-Kirchhoff diffraction formula (FKDF) [15] :
where H ( Γ ) is the calculated magnetic field on plane Γ, 0 = 2π/λ, θ is the angle (often called the diffraction angle) between the normal of the grantingˆ and the line connecting the observation point and the screen point Γ ;
Here we reject the far-field approximation at the transmitted side (i.e. Γ λ) and reserve 1/( 0 Γ ) for subwavelength structure.
2) Superposition of cylindrical waves from each individual nanoslit of the grating (SCW) in 2D case [9, 15] :
where H ( (α) Γ ) is the calculated magnetic field of the α-th slit (α = − 2 −1 0 1 2 ), (α) Γ = α . Here, it is assumed that inside the slit regime the magnetic fields are constant, equalling to their corresponding values at the central position of the slit; while outside the slit regime, they vanish.
denotes the distance between the observation point and the point in the slits.
3) 2D Green's function diffraction formula (2DGF) [15, 16] : According to Green's function formula, for 2D cases, the field on the observation plane can be expressed as
where the 2D Green's function G should be the zeroth-order Hankel function of the first kind when the time factor of the harmonic wave is written as 
where Γ is the distance from P 0 to Γ. The corresponding normal derivative of G is
For points on Γ, we have
and therefore on that surface, we have
Thus, Eq. (9) can be written as
Numerical results
We clearly seen that the field intensity displays oscillations with a strong peak located at the center position of the slit. Inside each slit, it exhibits a bell-like shape rather than a square. The phase distribution in one period of the grating oscillates too. Inside the slit, the phase exhibits a square shape with a weak oscillation on the plateau. By using the four different formulas, calculations of the magnetic field intensity and phase of the transmitted wave on the observation plane over a range / ∈ [−6 6] are made, the results being illustrated in Fig. 3 : (a) field intensity and (b) phase. The distance of the observation plane from Γ denotes = 0 5λ. It is apparent that the magnetic field intensity exhibits a sinuous shape, and its peak is at the center of the slit. The 2DGF result agrees excellently with the RVDA result. However, the curves of SCW and FKDF deviate from that of RVDA. The SCW curve is below the RVDA curve and the FKDF curve is much higher. Regarding the phase distribution, the 2DGF curve exhibits a bowl shape, excellently agreeing with the RVDA curve. Both phase curves calculated by FKDF and SCW are located below the RVDA curve. From these simulations, we can draw a conclusion that the 2DGF gives the best evaluation for the transmitted near-field of light through the metallic grating with subwavelength slits. We now increase to 1 0λ, the simulation results are depicted in Fig. 4 . The other parameters remain unchanged. The field intensity distribution curves of both RVDA and 2DGF still retain a sinuous shape but their peaks move outside the slit region, exhibiting double peaks. The valley of the sinusoid is located at the center of the slit now. Similar to Fig. 3 , the SCW curve is below the RVDA curve, and the FKDF curve is above the RVDA curve. In the phase plot, all the curves have a bowl shape, however, their waist-widths are different. The 2DGF curve is the same as the RVDA curve, and the FKDF curve has similar waist-width, but the phase values are lower than that of RVDA. We further increase the distance to 3 0λ, which can be considered in the intermediate field region, and the calculated results are plotted in Fig. 5 . The field distributions are retrieved to the sinuous shape with peaks at the slit center. The 2DGF and RVDA curves overlap each other. The SCW curve is located below the RVDA curve. However, it is worth pointing out that the FKDF curve approaches the RVDA curve now, it manifests that FKDF can give a better evaluation for a large . In the phase distribution, it should also be noted that the profile of the FKDF curve is very similar to the RVDA curve, just a small constant shift, lower than the RVDA curve. Now, we would appraise the figures of these estimations. The SCW method is based on the Fresnel-Huygens principle, which means that the amplitude of the wave at any given point equals the superposition of the amplitudes of all the secondary wavelets at that point. For a 2D problem, the wavelets are cylindrical waves, but it is not accurate enough for the quantitative calculation. Therefore, although it presents the correct peak position of field intensity and phase on the observation plane, it gives wrong values. Thus, it is not applicable in the evaluation of near and far field. As to the Fresnel-Kirchhoff diffraction formula, even when we consider all the related factors, rejecting the far-field approximation, the FKDF curves still do not agree well with the precise results well because the Green's function used in FKDF is a spherical wave function, which is only appropriate for the 3D system. The exact Green's function for the 2D system should be the Hankel function, therefore, the 2DGF evaluation always agrees with the RVDA result, and it is the best evaluation that can be used in the near-field optical design of SPPsbased devices. We also evaluate the computing time consumption of these diffraction formulas. To calculate the field intensities of 210 points in Fig. 3 (a) , it takes 106 for 2DGF, 87 for FKDF, and 52 for SCW. 2DGF evaluation requires the most computing time because it has to calculate the Green's function of each sampling point on the boundary Γ. However, the computational time of 2DGF only consumes more than 20% of FKDF, which is often used in the traditional optical design, considering calculation accuracy, it is worth recommending the 2DGF method in the design procedure of plasmonic devices.
Conclusion
In summary, we employ the Fresnel-Kirchhoff diffraction formula, superposition of the cylindrical waves, and the 2D Green's function diffraction formula to calculate the transmitted field intensity and phase distributions in the near and intermediate field, and compare them with the rigorous vector analysis. It is found that the results calculated by the 2D Green's function diffraction formula coincide very well with the precise results in both near and intermediate fields, therefore, it can be used in near-field optimal designs for SPPs-based devices. The other evaluations deviate from the exact result by varying degrees. The results of the Fresnel-Kirchhoff diffraction formula approach the precise results for the intermediate field. Our findings may provide a useful and precise way to analyze transmitted field features of a metallic grating and the possibility to achieve optimal designs of metallic optical elements with subwavelength scale.
